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A new method of constructing a series of partially balanced ternary (PBT) designs is 
presented. In the method, we have added the corresponding rows of incidence matrices of a 
BIB design and a PBIB design, both obtained from single initial block with at least one 
element in common between them. The BIB and PBIB designs above were obtained by 
method of differences. We have also constructed PBT designs and PB n-ary designs from a 
PBIB design alone based on NCm-scheme as well as from a group divisible PBIB design with 
smaller number of blocks and moderate block sizes. 
1. Introduction 
Partially balanced ternary (PBT) designs were introduced by Mehta et al. [3]. 
They have given two methods of their construction. First by adding the rows of 
the incidence matrix of a PBIB design and second by multiplying the incidence 
matrix of a PBIB design by the incidence matrix of a BIB design. We give here a 
method of constructing a PBT design, by adding the corresponding rows of an 
incidence matrix of a BIB design and an incidence matrix of a PBIB design. 
These designs were obtained by method of differences from a single initial block 
having at least one element in common, when the number of treatments i a 
product of two prime powers. Further, following the method of Saha [5] for 
constructing a balanced ternary design (BTD), we construct a series of PBT 
designs with moderate block sizes and smaller number of blocks, which may be 
useful in certain cases. Again, from a Group Divisible (GD) PBIB design, we 
construct PBT designs, under certain restrictions, with smaller number of blocks. 
Examples are also provided to elucidate the matter. 
2. Definitions and notations 
For definitions and notations of PBT designs and PB n-ary designs reference 
may be made to Mehta et al. [3]. 
Suppose v = p,,qm, p and q both primes and let x and y represent the primitive 
elements of GF(p n) and GF(q"). Then the elements of GD(v) will be taken as 
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(a, B), a e GF(p"), B • GF(q"). Additions 
defined as 
(i) (al ,  B1) + (a2, BE) = (al + a2, B1 + BE), 
(ii) (al, Bx). (a2, B2)= (ala2, B1B2). 
and multiplications in GD(v) are 
3. Construct ion o f  PBT  and PB n-ary designs 
First method. From a BIB and a PBIB design. 
Theorem 1. Let v=pnqm-s(s  + 2). Consider a BIB design obtained from 
S l={z  i,O,wm}, O<~i<~½(s 2-1) -1 ,  0~<m~<s-2 and a PBIB design con- 
structed through the difference set S2={w m, d}, O<-j<~s. By adding the 
corresponding rows of the incidence matrices of these designs, we get an incidence 
matrix of a PBT design with parameters: 
V=B=s(s+2) ,  R=K=½(s2+6s- I ) ,  nl=s-1 ,  n2=s+l,  
n3 = s 2 - 1, azl = ¼(s 2 + 18s - 15), ~r2 = -~(s 2 + 10s + 1), 
Jl~ 3 "-- ¼(S 2 + 10s + 5), A = 1(S2 + lOs - 5) and 
[o2O o l Eoosll 
p),= 0 s+l  , pj~= 0 s 0 , 
0 s+ l  ( s+ l ) ( s -2 )  s -1  0 s (s -1 )  
I ~2 1 Ss2  1 o 
s - s s(s - 2)..]" 
Proof. The set $1 when developed yields a BIB design (reference may be made to 
Stanton and Sprott [7]) and $2 when developed in the sense of Bose and Nair [1] 
gives a series of symmetric three associate PBIB design (Lemma 4, with t = 2 of 
Misra [4]). 
We have just to calculate ~,  i = 1, 2, 3. To combine the incidence matrices of 
these designs corresponding to their rows amounts the same thing as to combine 
their initial blocks. So let S = {z i, 0, w m, w 'n, uJ}. 
Consider the differences of S reduced mod(p, q). The number of zero 
differences yields us A. In the non-zero differences, we have to observe the 
occurrences of each of the elements of the type w", u j and z ~J, which yield us ~rl, 
~r2 and :r3. 
Differences of the set S will be of the following types: 
(i) (z i÷p - zi), p 4: 0; 
(ii) (w ''÷n - win), n 4: 0, 4 times; 
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(iii) (d  +' - d ) ,  t 4= 0; 
(iv) -[-z i 
(v) 5:w m, tWo times; 
(vi) +uJ; 
(vii) +(z  ~ - wm) ,  tWO times; 
(viii) +(z  ~ - uJ); 
(ix) +(w m-  uO, tWo times, and 
(x) 0 -0=0.  
The number of occurrences, in these differences, of each of the elements of 
type w m, u j, z ia, 0 can be had from Table 1. 
Table 1 
S No. of 
differences w" - type  u j-type zi'J-type zero 
(i) ~(,  + 1)(s - 3) l ( ,  _ 1)~ ¼(~ - 1) ~ ~(s ~ - 1) 
(ii) 4(s - 2) 4(s - 1) 




(vii) 2(s - 1) 2(s - 2) 
(viii) s + 1 s 
(ix) 4 
(x) I 
Total -~(s 2+18s-15)  ~(s z+ lOs + l) ~(s z+ lOs + 5) a(sZ + lOs -  5) 
This completes the proof. [] 
Second method  
The PBT designs, constructed by Mehta et al. [3], consist of a larger number of 
blocks. Here, we give a method of constructing PBT designs from PBIB designs, 
which have a smaller number of blocks and moderate block sizes. 
Let us have a PBIB design based on NC,,-scheme of Saha et al. [6] (or in 
particular obtained by method of 
ai2, . . . , aik } ; aij E (O, 1, . . . , v -1 ) ,  
parameters: 
v=p" ,  b=½sv,  r=½ks ,  
differences), constructed from / /=  {an,  
i=1 ,2 , . . . , t ,  initial blocks, with 
k, Zw=~fw,  l <~w<~m. 
Let A = {I/, - l i}, where - I / i s  the set of additive inverses of the elements a# 
which are in I~. Now observe the occurrences of each of nw elements of the wth 
associate class in A, say it is cw. For such a set of initial blocks, we define another 
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set of initial blocks, 
1" = {0, 0 , . . . ,  p times; ail, a~2, . . . ,  aik}. 
We then have the following 
Theorem 2. The initial blocks I* as defined above yield us a series o f  PB  n-ary 
designs having parameters: 
V = v, B = b, R = r + tp, K = k + p, :rw = ~.w + c~p, and 
A = RK - Z:rwnw, 1 <~ w <<- m. 
When none of Ii's contain identity element zero of GF(v), we have n = 3 and 0, 
1, p will be the symbols. Further, if all of li's contain 0, then it will have 0, 1, 
p + 1 as symbols. In all other cases, we will have 0, 1, p and p + 1 as symbols. 
Example. Take v = 13. We have a PBIB design (Saha et al. [6]) with parameters 
v=13,  b=39,  r=9,  k=3,  n l=n2=6,  ,~1=2, 3.2=1, p~1=2 and p21=3, 
constructed from initial blocks (1, 2, 4) (4, 8, 3) and (3, 6, 12). Thus in A = {1, 2, 
4, 12, 11, 9, 4, 8, 3, 9, 5, 10, 3, 6, 12, 10, 7, 1}, the elements of the sets (1, 4, 3, 9, 
10, 12) and (2, 5, 6, 7, 8, 11) occur twice and once respectively, i.e., Cl = 2, 
c2 = 1. As none of the l:s have zero element, we have a PBT design with symbols 
0, 1, p. Taking p = 2, we have the parameters of the PBT design, from initial 
blocks (0, 0, 1, 2, 4), (0, 0, 4, 8, 3) and (0, 0, 3, 6, 12), as, 
V=13,  B=39,  R=15,  K=5,  A=21,  ~=6,  ~2=3. 
Corollary. Let  v be a pr ime power  o f  the fo rm 4n + 1 (n > 0). Let  x be the 
pr imit ive e lement o f  GF(v ) .  Then the initial block, 
1 = (0, O, . . .  , p times, x °, x 2, x 4, . . .  , x4"-2), p 1> 2, 
yields us a series o f  PBT  designs with symbols  O, 1, p and parameters: 
V = 4n + I = B, R = K = 2n + p, nl = n2 = 2n, :rl = n + 2p -1 ,  
~2"- n, A = 2n + p2, p111 = n - 1 and p21 = n. 
Remark 1. An alternative of I is (0, 0 , . . .  ,p times, x, x 3, . . . ,  x4"-l), which will 
also yield a PBT design with same symbols and parameters. 
Remark 2. It can as well be observed that this method is also applicable when 
v = p ,qm =_ st, p and q both primes. Then the initial block 
(0 ,0 , . . . ,p t imes ,  u j ,w i ) ,  O~i<<-s -2 ,  0<~j<~t -2 ,  
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yields us a series of PBT designs with symbols 0, 1, p and parameters: 
V=B=st ,  R=K=S+t+p-2 ,  : r l=s+2- (p -1) ,  
~r2=t+2(p-1) ,  ~r3=2, A=s+t -2+p 2, n~=s-1 ,  n2=t - -1 ,  
n3=(s -1) ( t -1 ) ,  p~=s- -2 ,  p~=O and p31=O. 
Third Method 
Consider a group divisible design (Bose [2]) with v = 2m • n (or m. 2n), m > 2, 
n > 2 and 2k < v. Then we have the following result. 
Theorem 3. Let v = 2m • n (or m • 2n), m > 2, n > 2. Consider a GD design (v, 
b, r, k, Zl, ~.2). Then mn x b incidence matrix N, obtained by adding the ith row 
by the (i + 1)th row of the v x b incidence matrix of the GD PBIB design, yields us 
a PBT  design with parameters: 
V=½v=mn,  B=b,  R=2r ,  K=k,  A=2(r+~.2),  
~,~ini -" RK A, ni and i , - ' (Pjk), i , j , k= l ,  2. 
Note. The GD PBIB design will later on be defined from the new set of mn 
treatments. From it n', (P~k)' and :ri's will be obtained. :ri's will be obtained by 
multiplying the columns of N corresponding to two ith associate treatments in it. 
Example. Consider a GD PBIB design (Bose [2]) with blocks (1, 8, 2, 3), (8, 5, 
6, 7), (5, 2, 11, 4), (6, 11, 12, 1), (11, 10, 9, 8), (10, 12, 3, 5), (12, 9, 7, 2), (7, 4, 
1, 10) and (9, 3, 4, 6) having parameters v = 12, b =9, r = 3, k =4, nl =2, 
n2 = 9, ~1 = 0, ~2 = 1. In the incidence matrix of this design if we add ith row by 
(i + 1)th row, then we get an incidence matrix of a PBT design with parameters. 
v=6,  B=9,  R=6,  K=4,  A=8,  n~=2, n~=3, 
zq=2,  a:2=4, C0 2)'=3, (p~2)'=(p~l) '=2 
and others are zeros. 
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